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Normal Distribution
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Normal Distribution

« A continuous random variabl¥ has anormal
distributionif that distribution is symmetric and
bell shaped and
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Normal Distribution

« A continuous random variabl¥ has anormal
distributionif that distribution is symmetric and
bell shaped and

+ the distribution fits the equation
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Normal Distribution
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Normal Distribution
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Uniform Distribution
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Uniform Distribution

» A continuous random variabl® has auniform
distributionon the intervala, b| if the distribution
fits the equation

B ﬁ if x € |a,b
Y730 otherwise
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Uniform Distribution
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Density Curve

A density curveor probability density functioms a
graph of a continuous probabillity distribution. +
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Density Curve

A density curveor probability density functioms a
graph of a continuous probabillity distribution. +

* It must satisfy the following properties:
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Density Curve
A density curveor probability density functioms a
graph of a continuous probabillity distribution. +

* It must satisfy the following properties:
 The total area under the curve must be 1.

(J° f=1)
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Density Curve
A density curveor probability density functioms a
graph of a continuous probabillity distribution. +

* It must satisfy the following properties:
 The total area under the curve must be 1.

(J° f=1)

e y > 0forall z.
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Example

« Suppose that the temperature of a cold room Is
uniformly distributed fronD°C to 5°C.
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Example

« Suppose that the temperature of a cold room Is
uniformly distributed fronD°C to 5°C.

« What is the probability that the temperature is
greater than°C?
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Example
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Normal Distribution




Standard Normal Distribution

Thestandard normal distributioms a normal
probability distribution that has a meanof= 0 and a
standard deviation aof = 1.
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Standard Normal Distribution
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Standard Normal Distribution
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Standard Normal Distribution

e e e e e e

| Standard Normal (z) Distribution

el e
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0000 0040 0080 0120 0160 0199
0398 0438 0478 0517 0557 0596
0793 0832 0871 0910 0948 0987
A179 A217 4255 4293 1331 1368
1554 1591 1628 1664 1700 1736
1950 1985 2019 2054 2088
2291 2324 2357 2389 2422
2611 2642 2673 2704 2734
2910 HB5E 2967 2005 3023
3186 B2 3238 3264 3289

3438 346 3485 3508 s 3
3665 3686 3708 32 3749
3869 381 3907 39235 3944
4049 4066 4082 4099 4115
4207 A22 4236 4251 4265
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Standard Normal Distribution
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Example

The Precision Scientific Instrument Company
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests

on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readin@)i€ and the
standard deviation 15.00°C. Also assume that the

frequency distribution of errors closely resembles the
normal distribution.
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Example

The Precision Scientific Instrument Company
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests
on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readin@)i€ and the
standard deviation 15.00°C. Also assume that the
frequency distribution of errors closely resembles the
normal distribution.

If one thermometer is randomly selected, find the
probabillity that, at the freezing point of water, the
reading is betweet’C and+1.58°C.
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Example

The Precision Scientific Instrument Company
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests
on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readin@)i€ and the
standard deviation 15.00°C. Also assume that the
frequency distribution of errors closely resembles the
normal distribution.

If one thermometer is randomly selected, find the
probabillity that, at the freezing point of water, the
reading is between0.50°C and+0.50°C.
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Example

The Precision Scientific Instrument Company
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests
on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readin@)i€ and the
standard deviation 15.00°C. Also assume that the
frequency distribution of errors closely resembles the
normal distribution.

If one thermometer is randomly selected, find the
probabillity that, at the freezing point of water, the
reading is above-1.60°C.
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Example

The Precision Scientific Instrument Company
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests
on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readin@)i€ and the
standard deviation 15.00°C. Also assume that the
frequency distribution of errors closely resembles the
normal distribution.

If one thermometer is randomly selected, find the
probabillity that, at the freezing point of water, the
reading Is below1.00°C.
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Example

The Discount Scientific Instrument Company also
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests

on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readind@i$°C but the
standard deviation 18.90°C. Also assume that the

frequency distribution of errors closely resembles the
normal distribution.
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Example

The Discount Scientific Instrument Company also
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests
on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readind@i$°C but the
standard deviation 18.90°C. Also assume that the
frequency distribution of errors closely resembles the
normal distribution.

If one thermometer is randomly selected, find the
probabillity that, at the freezing point of water, the
reading is between0.50°C and+0.50°C.
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z-Scores

P(a < z < b) denotes the probability that the-
score Is between andb
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z-Scores

P(a < z < b) denotes the probability that the-
score Is between andb

P(z > a) denotes the probability that the-
score IS greater than
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z-Scores

P(a < z < b) denotes the probability that the-
score Is between andb

P(z > a) denotes the probability that the-
score IS greater than
P(z < b) denotes the probability that the-

score IS less thah
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Example

The Discount Scientific Instrument Company also
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests

on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readind@i$°C but the
standard deviation 18.90°C. Also assume that the

frequency distribution of errors closely resembles the
normal distribution.
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Example

The Discount Scientific Instrument Company also
manufactures thermometers that are supposed to give
readings oD°C at the freezing point of water. Tests

on a large sample of these instruments reveal that at
the freezing point of water some thermometers give
readings belovo°C while others give readings above
0°C. Assume that the mean readind@i$°C but the
standard deviation 18.90°C. Also assume that the

frequency distribution of errors closely resembles the
normal distribution.
Find P(z < 2.00).
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Percentile

Find the 95th-percentile of the Standard Normal
Distribution.
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Percentile
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Example

The Cheap Scientific Instrument Company is a third
manufacturer of thermometers that are supposed to
give readings 00°C at the freezing point of water.
Tests on a large sample of these instruments reveal
that at the freezing point of water some thermometers
give readings below°C while others give readings
above(°C. Assume that the mean reading@i5°C but
the standard deviation Is20°C. Also assume that the

frequency distribution of errors closely resembles the
normal distribution.

Find the 95th-percentile.
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Sampling Distribution
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Sampling Distribution

Thesampling distributiorof the mean is the
probability distribution of sample means, with all
samples having the sample size
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Simulation

Consider a random variable. )
Take 2000 samples of sizefrom X. CalculateX
and plot the relative frequency (of 100 classes).
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Simulation
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Simulation
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Central Limit Theorem
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Central Limit Theorem

« The random variabl& has a distribution with
meany and standard deviatian
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Central Limit Theorem

« The random variabl& has a distribution with
meany and standard deviatian

« Samples of size are randomly selected from
this population.
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Central Limit Theorem

« The random variabl& has a distribution with
meany and standard deviatian

« Samples of size are randomly selected from
this population.
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Central Limit Theorem

« The random variabl& has a distribution with
meany and standard deviatian

« Samples of size are randomly selected from
this population.

» The distribution of sample mea$ will—as
the sample size increases—approach a norme
distribution.
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Central Limit Theorem

« The random variabl& has a distribution with
meanu and standard deviation

« Samples of size are randomly selected from
this population.

» The distribution of sample mea$ will—as
the sample size increases—approach a norme
distribution.

* The mean of the sample meang:is = L.
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Central Limit Theorem

« The random variabl& has a distribution with
meanu and standard deviation

« Samples of size are randomly selected from
this population.

» The distribution of sample mea$ will—as
the sample size increases—approach a norme
distribution.

* The mean of the sample meang:is = L.

» The standard deviation of the sample means Is
o = % (the standard error of the megn
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Central Limit Theorem

« The random variabl& has a distribution with
meanu and standard deviation

« Samples of size are randomly selected from
this population.

» The distribution of sample mea$ will—as
the sample size increases—approach a norme
distribution.

* The mean of the sample meang:is = L.

» The standard deviation of the sample means Is
o = % (the standard error of the megn
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Central Limit Theorem

When sampling without replacement and the sample
sizen Is greater than 5% of the finite population size
N, we adjust the standard deviation of sample means
o by multiplying it by thefinite population

correction factor
\/N —n
N —1
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Normal Approximation
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Normal Approximation

* If np > 5 andnqg > 5 then the binomial random
variable is approximately normally distributed
with the mean and standard deviation given as

uw=npandec = ,/npgq.
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Continuity Correction
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Continuity Correction

« When we use the normal distribution as an
approximation to the binomial distribution, a
continuity correction is made to a discrete whole
numberz in the binomial distribution by

representing the single valueby the interval
fromx — 0.5tox + 0.5.
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Example

Consumer Reportd-eb. 1992) found widespread contamination of seafood in
New York and Chicago supermarkets. For example, 40% of tloedfish

pieces available for sale have a level of mercury above theddfsl and Drug
Administration (FDA) limit. Consider a random sample of 2@osdfish

pieces from New York and Chicago supermarkets.

* Use the normal approximation to the binomial distributiorcélculate
the probabillity that less than 2 of the 20 swordfish pieceg magrcury
levels exceeding the FDA limit.
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Example

Consumer Reportd-eb. 1992) found widespread contamination of seafood in
New York and Chicago supermarkets. For example, 40% of tloedfish

pieces available for sale have a level of mercury above theddfsl and Drug
Administration (FDA) limit. Consider a random sample of 2@osdfish

pieces from New York and Chicago supermarkets.

* Use the normal approximation to the binomial distributiorcélculate
the probabillity that less than 2 of the 20 swordfish pieceg magrcury
levels exceeding the FDA limit.

* Use the normal approximation to the binomial distributiorcélculate
the probability that more than half of the 20 swordfish pidtease
mercury levels exceeding the FDA limit.
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Example

Consumer Reportd-eb. 1992) found widespread contamination of seafood in
New York and Chicago supermarkets. For example, 40% of tloedfish

pieces available for sale have a level of mercury above theddfsl and Drug
Administration (FDA) limit. Consider a random sample of 2@osdfish

pieces from New York and Chicago supermarkets.

* Use the normal approximation to the binomial distributiorcélculate
the probabillity that less than 2 of the 20 swordfish pieceg magrcury
levels exceeding the FDA limit.

* Use the normal approximation to the binomial distributiorcélculate
the probability that more than half of the 20 swordfish pidtease
mercury levels exceeding the FDA limit.

* Calculate the exact probabilities.
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Example

The merging process from an acceleration lane to the thrtzurgghof a
freeway constitutes an important aspect of traffic openatanterchanges. A
study of parallel interchange ramps in Israel revealedrtraaty drivers do not
use the entire length of parallel lanes for acceleratiohseak as soon as
possible an appropriate gap in the major stream of trafficferging
(Transportation EngineeringNov 1985). At one site (Yavneh), 54% of the
drivers use less than half the lane length available bef@mimg. Suppose
we plan to monitor the merging patterns of a random sampl@0fd3ivers at
the Yavneh site.

* What is the approximate probabllity that fewer than 100 efdhvers
will use less than half the acceleration lane length befaasgmg?
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Example

The merging process from an acceleration lane to the thrtzurgghof a
freeway constitutes an important aspect of traffic openatanterchanges. A
study of parallel interchange ramps in Israel revealedrtraaty drivers do not
use the entire length of parallel lanes for acceleratiohseak as soon as
possible an appropriate gap in the major stream of trafficferging
(Transportation EngineeringNov 1985). At one site (Yavneh), 54% of the
drivers use less than half the lane length available bef@mimg. Suppose
we plan to monitor the merging patterns of a random sampl@0fd3ivers at
the Yavneh site.

* What is the approximate probabllity that fewer than 100 efdhvers
will use less than half the acceleration lane length befaasgmg?

* What is the approximate probability that 200 or more of theeais will
use less than half the acceleration lane length before nggrgi
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Normal Probability Plot
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Normal Probability Plot

* A normal probability plotcompares the original
values In a set of sample data with the expected
values for a sample of the given size drawn from
a normally distributed population.
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Checking Normality

« Construct a histogram. This should give you a
bell shape.
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Checking Normality

« Construct a histogram. This should give you a
bell shape.

« Are there outliers? You should have at most one
or two.
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Checking Normality

« Construct a histogram. This should give you a
bell shape.

« Are there outliers? You should have at most one
or two.

« Draw a Normal Probabillity Plot.
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Normal Probability Plot

» Sort then data points from lowest to highest.
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Normal Probability Plot

» Sort then data points from lowest to highest.
* Find the expected-scores:
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Normal Probability Plot

» Sort then data points from lowest to highest.

* Find the expected-scores:
« The firstz-score represents an arealdf/n,
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Normal Probability Plot

» Sort then data points from lowest to highest.

* Find the expected-scores:
« The firstz-score represents an areaddf/n,
« the next an area df.5/n, and so on.
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Normal Probability Plot

» Sort then data points from lowest to highest.

* Find the expected-scores:
« The firstz-score represents an areaddf/n,
« the next an area df.5/n, and so on.

» Plot the z-scores against the observed values.
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Normal Probability Plot

» Sort then data points from lowest to highest.

* Find the expected-scores:
« The firstz-score represents an areaddf/n,
« the next an area df.5/n, and so on.

» Plot the z-scores against the observed values.

* Normally distributed data should yield an
approximately straight line.
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Normal Probability Plot
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Normal Probability Plot
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