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1 Finding the transformation matrix

00
Uy U1
2 U2
Uyg V4
us v
01
In homogeneous coordinates:
aip a1z Qi3 01 0 1 U1W1 U2W2 U3W3
ag1 Q22 Q23 0 0 1 1 = V1w Va2Ws9 V3W3
a3z; as2 1 1 1 1 1 w1 wao ws
a1z ai1 +aiz a2 +ais ai; +aiz +as
Q23 Qg1 + a3 a9+ a3  ag1 + aze + ass =
1 ann+1  azge+1  aztazx+l
Identifying the coefficients of the first 3 columns:
air a2 a3 UgW2 — UL  UIW3 — Ul U
Ga21 QG22 a23 = VW2 — V1 V3w3z —VU1 U1
asp as2 1 wo — 1 w3 — 1 1

Now we need ws and ws. ..

wy = agzy +agzz +1

—w2—1+w3—1—|—1

w2+w371

UgwWy = a11 + @12 + @13
ug (wa +ws — 1) = (ugws — uq) + (usws — uy) + ug
ULW2 + ULW3 — Uy = U2W2 + UFW3 — U1

U2w2 = U1 — U3IU3

VaW4 = Q21 + Q22 + Q23
v (wg +wz — 1) = (vows —v1) + (v3ws — v1) + 11
V4W2 + V4W3 — V4 = VW2 + V3W3 — V1

Vaws = V1 — Vaws

UsVaws = U1V — UsVaws
=U1V3 = Uz (Vi — Vows)
=U,V3 — U3V + UsVaws

Doswy = D3
W — D3

g = —=

Da3

U Vawz = UaVy — U Vows
=UV1 - Vs (U1 - U3w3)
=UxV1 — U1 Vo + UsVaws

Doswz = Doy
Doy

w3 = ———
Do3

10

11

UqawWy
V4W4

using (1)34

using (2)a1, (2)32

using (1)14

using (3), (2)1

with X; = x; — x4

using (1)24

using (3), (2)2

using (4) x V3

using (5)

with Dij = UIVJ — UjVi

if Dog # 0

using (5) x Ua
using (4)

if Do #0
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1.1 Degenerate case

If Dy3 = 0, equations 6 and 7 give D13 = 0 and Dy; = 0. It means that the points p1, p2, p3 and

p4 are aligned.

2 Predicting when it will blow

2.1 With an obscure calculation

In homogeneous coordinates we transform:

a1 ai12 Qa3 u uw

a921 22 A23 v = v’w’
1

asy  as2 433 1 w

Then we extract the transformed coordinates with:

u’ 1 u'w’
o) T W\ v

It will fail when w’ = 0. Equation 8 gives w’ = agiu + asov + azz. It means that w’ = 0 on the

line azqu + azav + azz = 0.

b1

P2

To be safe we need the 4 corners of the region to be on the same side of the line (all above or all
below). So we check that all agiu; + asev; + ass have the same sign.

2.2 With a drawing

No matter how hard we try, we will not be able to reliably reverse the perspective for the

vanishing points and the line that connects them.

P1

det(ps — pa,ps —pa) =0
det(Py, P5) =
UsVs = UsV3
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det(ps — p1,ps —p2) =0
det(P5 — Pl,P5 — PQ) =
det(P5, P5) — det(Pl, P5) — det(P5,P2) + det(Pl, PQ) =
det(P5,P1 — PQ) = D21
Us(Vi = Vo) = V5(U1 = Us) = (10)
UsDay = UsUs (Vi — Va) — UsV5(Uy — Us)
= U3Us (V1 — V2) — UsV3(Uy — Us)
= Us(U3Vi — UsVa — Ui V3 + Uz V3)
= Us(Da3 — D13)
Uz Dy
Ug = ————
® " Das— D3
VaDgy = Us V3 (Vi — Vo) — VaVs(Uy — Us)
= UsVs(V1 — Vo) = V3V5(Uy — Us)
= V5(UsVi — UsVa — Ui Va + UsVa)
= V(D23 — D13)
V3 D2y
Vs = ——"——
°" Das— Dys
) : Us D3 VoD .
Th lculat = —"— and Vg = ——— if Do Doy.
e same calculation gives Ug Doy — Do and Vg Dys — Do if Do3 # Doy
2.2.1 Degenerate case
D23 — D13 = det(Pg — P1,P3)
= det(p2 — p1,p3 — pa) (11)

If D13 = Dog3, equation 11 implies that p1p3 || pspi, so ps does not exist. Similarly, ps does not
exist if D21 = D23.

2.3 Equivalence of these two methods

Although I was not able to prove it formally, I checked numerically that ps and pg are on the
bs1u + bsav + bss = 0 line, with B := A~!. It means that the two lines found in sections 2.1 and
2.2 are one and the same. Knowing that will help me sleep at night.

using (10) x Us
using (9)

if Dag # D13

using (10) x V3

using (9)

if Dag # D13
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